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Abstract 

A notion of admissible probability measures ^ on a locally compact 
Abelian group (LCA-group) G with connected dual group G = R'^xT" 
is defined. To such a measure /i, a closed semigroup A(^) C (0, oo) 
can be associated, such that, for t G A(^), the Fourier transform to 
the power t, (/i)*, is a characteristic function. We prove that the exis- 
tence of roots for non admissible probability measures underlies some 
restrictions, which do not hold in the admissible case. As we show for 
the example Z2, in the case of LCA-groups with non connected dual 
group, there is no canonical definition of the set A(//). 
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1 Introduction 

Let (G, +) be a locally compact Abelian group (LCA-group) and X a. G- 
valued random variable (measurable with respect to the Borel cr-algebra on 
G) on an arbitrarily given probability space with probability measure P. As 
in the real random variable case, it is interesting to know whether X can 
be decomposed into a sum of n independent identically distributed G-valued 
random variables Xi, . . . , X„, say, 

X = Xi^ \-Xn, P-a.e.. 
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Alternatively, in terms of fi = P o X~^, the image (probability) measure of 
P under X , the above equation becomes the following n-fold convolution 
equation 

= yWi * ■ ■ ■ (1) 

n n 



where fii = P o X^^ is the image (probability) measure of P under Xi. 
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Furthermore, Equation can be written in terms of characteristic functions 
(via the Fourier transform) as follows 

n 

We may generalize this problem and ask whether for q = ^ with n,m E N 
being mutually prime (abbr. m.p.) there exists a characteristic function (c.f.) 
fim such that 

{fir = • (2) 

Let M.i{G) denote the space of probability measures on G. Given a measure 
e A4i{G), we may thus define a set of positive rational numbers A^^§(/i) 
as follows: 

Aaig(^) = ^^q = _ -n^^eN m.p. and 3 c.f. such that (/i)'" = (/if)"}. 

This set is clearly designed to contain the information about the (algebraic) 
divisibility of /x. 

In the case where /i is a real function with < /i < 1, we can present a 
candidate for the solutions of Equation ^ as follows 

/^f = (A) " 

which leaves open the question whether ^ is a number such that (jl)^ is a 
characteristic function. 

So the (general) problem which arises in connection with the above ob- 
servation can be roughly formulated as follows: for which kind of probability 
measures is the set 

A(/i) = {t E (0, oo) : (/t)* is a characteristic function} 

well defined and what kind of subsets of (0, oo) do possess the property of 
being A(/i)-sets for some probability measure /i? 
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We have studied this question, which in the case G = R goes back to D. 
Dugue [7], in a previous note for this special case POj, where also concrete 
examples have been discussed. More examples can be found in |31[7j. All 
these examples together indicate that there exist a great variety of sets 5" C 
(0, oo) such that a measure fi with A(/i) = 5* can be found. 

In this paper we extend these considerations to the framework of locally 
compact Abelian groups. In particular, in Section 2 we give a proper def- 
inition of the set A(/i) for the case of a LCA-group with connected dual 
group G. This leads to the notion of admissible probability measures on 
G. In Section 3 we show that the algebraic divisibility given by Aalg(/i) for 
non admissible probability measures fi is restricted by some rather general 
considerations, which do not apply to the admissible case. In Section 4 we 
discuss the situation G = Z2 as the simplest example of a LCA-group with 
non connected dual group and we show that there is no canonical definition 
of the set A(/i) in this case. 

2 Admissible probability measures on LCA- 
groups with connected dual groups 

In this section we extend the notion of admissible probability distributions 
on M given in ^ to the case of probability measures on a LCA-group (G, +) 
with arcwise connected dual group (G, ■). Recall that M.i{G) is the set of 
probability measures on G. We say e A4i{G) admissible , if there is some 
continuous function ■?/' : G — > C with = such that fi = e^. We shall 
denote the set of all admissible probability measures on G by A^"(G). 

The function is uniquely determined. In fact, if tpi and tp2 fulfil the 
above conditions, then 

^1(7) - ^2(7) = 27rz k{j) with ^(7) G Z V7 G G. 

Since the left hand side of the above equation is continuous, the right hand 
side must also be continuous and is thus constant, since a topological space 
X is connected if and only if every continuous map from X to Z is constant. 
Evaluation of the above equation at 7 = 1 now yields that ipi = ip2- For 
/i G Aii{G) we call the function ip : G ^ C, which is uniquely determined 
by the conditions specified above, the second characteristic associated with 
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We now give the main definition of tliis article in analogy to PQ: 

Definition 2.1. Let G be a LCA-group with arcwise connected dual group 
G. For jj, G J^liG) with second characteristic ip we define the set A(/x) of 
positive real numbers as 

A(/i) = {t > : e^^ is a characteristic function } . 

Remark 2.2. (i) By Theoreme 4 of [HI, G is arcwise connected =^ G = 
X T"- G = W'- X Z", where stands for the ra- dimensional torus. In 
particular, arcwise connected LCA-groups are also locally arcwise connected. 

(ii) Let C{G) denote the complex measures on G which have a logarithm in 
the Banach algebra of complex measures with the convolution as multipli- 
cation and Ci{G) the probability measures in C{G). Then Ci{G) C J\A1{G) 
where equality holds if G is compact (i.e. G = Z") and the inclusion is proper 
if G is not compact (G = M'^ x Z", d 0), since e.g. any Gaussian measure 
supported on one of the copies of M has unbounded second characteristic ip 
and thus does not belong to Ci{G). For results on the characterization of 
C{G) see e.g. jHll3III|. 

(iii) A(/i) C (0, cxd) is a closed semigroup under addition with N C A(/i). 
Either A(yu) = (0, oo) or 3A > such that A(/x) C [A, oo). If the interior of 
A(/i) is not empty, then 3A > such that A(/^) D [A, oo), cf. Prop. 2.1 and 
2.2 of d]. 

(iv) fi G M°(G) is infinitely divisible if and only if A(/i) = (0, oo) (Schoen- 
berg's theorem j^). If A(/i) ^ (0, oo), we say /i is partly divisible and if 
A(yu) = N we call /i minimally divisible (see |2 for examples). 

We now want to give a topological characterization of the Fourier trans- 
form of admissible probability measures. 

The assumptions on G allow us to apply the theory of covering spaces to 
characterize the Fourier transforms of admissible probability measures. 

Let us first recall some basic notions of algebraic topology following 12]. 
Let X, Y be topological spaces. Then (p : (X, xq) (Y, yo) denotes a con- 
tinuous map from X to F which maps xq to yo. The fundamental group of 
X (resp. Y) based at xq (resp. yo) is denoted by 7i{X,xo) (resp. 7r(F, yo))- 
Then 0* : 7r(X, xq) — > 7r(y, yo) is the group homomorphism induced by (p. 

A covering space (X, xq, p) of a topological space (X, xq) consists of a 
topological space (X, xq) and a map p : (X, xq) — > (X, xq) such that for every 
X G X there exists an arcwise connected open x- neighborhood f/ C X 
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such that each arcwise connected component of p~^{U) is homeomorphic 
to U under the restriction of p to this component. A hfting of the map 
: {Y.yo) — >• (X, xo) to (X,Xo,p) is a map (p : {Y.yo) (X,Xo) such that 
the following diagram commutes: 

(X,Xo) 
P 

{y, yo) — — ^ {X, xo) 

If (Y, hq) is arcwise connected and locally arcwise connected and (X, xq) 
has a covering space (X,xo,p), then by a well-known theorem (c.f. Theorem 
5.1 12i p. 128) a map : (F, yo) ^^(-^, a^o) has a lifting : (F, yo) ^ (-^, ^o) 
if and only if 0^,(7r(F, |/o)) C p^,(7r(X, xq)) holds. If such a lifting exists, it is 
unique. 

Theorem 2.3. Let G be a LCA-group with arcwise connected dual group G 
and C* = C — {0}. Then a probability measure p on G is admissible if and 
only if the following two conditions hold: 

1. fiipf) 7^ , V7 G G, i.e., fi can be seen as a map fi : {G, 1) (C*, 1); 

2. fl,{TT{G, 1)) = {0} holds for fi : (G, 1) ^ (C*, 1). 

Proof. By Remark 12.21 fi). G is also locally arcwise connected. 

Let R = (0, 00) X M be the Riemannian surface of the logarithm. We 
shortly denote the element (1, 0) G i? by 1. We set 

p:{r,e)eR^ re'^ G C* 

then it is clear that {R, l,p) is a covering space of (C*, 1). Furthermore, we 
notice that 

log^ : {r,6) e R logr + i6 e C 

maps [R, 1) homeomorphically to (C,0), where the symbol log on the right 
hand side of the mapping stands for the real logarithm. Thus by using the 
lifting argument again, we derive the following commutative diagram: 
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(C*,l) 



Thus, a probability measure /i on the LCA-group G has a Fourier trans- 
form fi which can be represented in the form fi = with ip : {G, 1) — » (C, 0) 
if and only if /i(7) ^ 0,V7 G G, and /t : (G, 1) ^ (C*,0} can be lifted to 
{R, 1). Taking into account the topological properties of G and 7r(i?, 1) = 
(and consequently p^^rr^R, 1)) = {0}), an application the theorem on the 
existence of liftings given above then concludes the proof. ■ 

Remark 2.4. (i) Of course, the second condition of Theorem 12.31 is trivial if 
7r(G, 1) = {0}. This is true for G = G = M*^. In this special case Theorem 1.2 
can be obtained without using homotopy, see e.g. for d=l or j2] p. 220- 
223 for (i G N. Therefore, the notion of admissible probability measures on 
LCA-groups presented here really extends the notion of admissibility given 
in in the case that G = M (and also extends the discussion presented in 
for G = M'^,rf G N). 

(ii) If the LCA-group G has arcwise connected and locally arcwise connected 
dual group G with nontrivial fundamental group, there exist non admissible 
probability measures fi G A^i(G) with fl{'y) ^ V7 G G. Notice that the 
simplest example for such a LCA-group G is Z with dual group T^, hence let 
us take G = Z as an example to elucidate this point. In this case, we have 
(G, 1) = (T,0) = [0,27r]/o~2^. Then 7r(G, 1) ^ 7r(T,0) = Z. Furthermore 
we identify 7r(C*, 1) with Z. Let n G Z — {0} and 5„ be the Dirac measure 
at n. For s G T we get that 5n{s) = e*"*" 7^ 0. But 6n* : Z ^ Z obviously 
acts as multiphcation by n and thus 5„*(7r(G, 1)) = nZ 7^ {0}. Thus, (5„ is 
not admissible. Since a copy of T is contained in every such G, the above 
argument carries over to the general case. 

(iii) The above example also shows that for any LCA-group GdV = M*^^" 
with arcwise connected and locally arcwise connected dual group G (therefore 
one has G^Vl), in general, M1{G) ^ M^{V): We have for /i G Mi{G) n 
J^1{V) with \^-second characteristic ip that fi G A^"(G) ipi^x, y) = 
^(x, y + z)ix G M"^, ?/ G M", z G 27rZ". 
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Remark 12.41 (ii) gives rise to the question, whether such non admissible 
fi G A4i{G) with /i(7) 7^ V7 G G can occur as integer roots of some 
admissible probability measure u G A^"(G')? The following Theorem gives a 
negative answer. 

Theorem 2.5. Let G be a LCA-group with locally arcwise and arcwise con- 
nected dual group G. For ^ G Aii{G) and n G N, we assume that ^1 G 
A4i{G) is a solution to the problem 



jjL = jJil * ■ ■ ■ * fJil . 



(3) 
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Then fii is admissible. Furthermore, fii is the only probability measure on 

n n 

G which solves the above problem. 

Proof. The condition that //i(7) 7^ V7 G G follows immediately by 

n 

taking the Fourier transformation of Equation Q. It remains to show that 
condition 2. of Theorem 12.31 holds. 

Since fii solves the above problem, the following diagram commutes: 

jSi 



(C*,l) 




By identifying 7r(C*, 1) with (Z, 0), we get that the following diagram 
commutes: 

[Z,0) 

'm nm 



7r(G,l 




Since fi^{n{G,l)) = {0}, this is only possible if /ii*(7r(G, 1)) = {0}. 
Thus, jji is admissible. 

n 

Let ijj be the second characteristic of and ijji the second characteristic 

n 

of /ii. Since fi = (//i)" = e^^" and nipi_ is continuous and fulfils n-ip]_{l) = 



we get that ip = nijji. But this determines tpi uniquely and thus fii is also 
uniquely determined ■ 

In other words, this theorem says that there exists a solution to Equation 
(jS)) if and only if ^ € A(/i). If such a solution exists, then its Fourier transform 
equals to C"'^, where ^ is the second characteristic of /i. Since the convolution 
of an admissible measure with itself is again admissible, this proves that A(/i) 
really measures the "divisibility" of /i, i.e. A^^^(n) = A(/i) fl Q. 

Remark 2.6. The uniqueness of the roots can also be obtained using the 
imbedding of G into a vector space V and applying the result of Bauer 
|2] p. 220-223 on the uniqueness of roots of probability measures on (finite 
dimensional) vector spaces. G-admissibility of the roots then follows from 
Remark EH fiii). 



Remark 2.7. The considerations of this section and Theorem 13 . II below can 
be extended to the case of LCA-groups with only connected (not arcwise 
connected) dual group G as follows: 

By Theorem N (p. 15), any such G can be obtained as projective 
limit of arcwise connected LCA groups Gd.n = M'^ x T". 

If we assume that the Fourier transform /i of a probability measure fi on 
G fulfils the Conditions 1. and 2. of Theorem 12. 31 if projected to any Gd,n, we 
get the existence of a second characteristic ipd^n on G^^n and the uniqueness 
result of Theorem 12 . 31 now implies that the ipd,n form a projective family with 
projective limit ip being the second characteristic defined on G. On the other 
hand, if a second characteristic ip exists, then the projection iljd,n is defined 
on Gd,n and by Theorem 12.31 the conditions 1. and 2. hold for the projection 

fld,n of fl to Gd,n- 



3 On the divisibility of non admissible prob- 
ability measures 

Let G be a LCA-group with arcwise connected dual group G. In this section 
we investigate what happens if for a given probability measure on G either 
of the requirements of Theorem 12.31 is not fulfiled. This leads to restrictions 
on A^^S(^). First we consider this for the case that condition 1. of Theorem 
12.31 hold and condition 2. is violated: 
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Theorem 3.1. Let fi G Mi{G) - M^{G) such that fi{j) ^ holds V7 G G. 
We identify 7r(C*, 1) with Z and ri|/t*(7r(G, 1)) means that \lz G fl^{7T{G, 1)) 
3 / G Z such that z = nl. Then 

^.''\^^) c 11 -N. 

^ n 

nGN:n|/i*(7r(G,l)) 

(u) 

2eA.('r(G,i))-{0} 

('m^ A^^S(^^) ^5 bounded from below by 1/ min{|2r| : z G fi^{Tx{G, 1)) — {0}}. 

Proof, (i) By a diagram analogous to the second diagram in the proof of 
Theorem 12.51 we get for q G A^^S(^)^g = J^^jyi^ji ^ mutuaUy prime that 
for a sohition of Equation ((21) 

n/i|>K(7r(G',l)) = m/i,(7r(G,l)) . (4) 

Since n and m are mutuaUy prime, this can only be true if for z G jl.^,{T[{G, 1)) 3 
Z G Z s.t. z = nl holds. 

(ii) Let q,m,n be as above. By Eq. (jH) Vz G fi^i^n^G, 1)) — {0} 3 / G 
Z — {0} such that nl = mz. Thus, q = m/n = I / z E ^N. 

(iii) nl = mz in (ii) implies n < m\z\ q> G /i*(7r(G', 1)) — {0}. 

■ 

This shows that the divisibility structure for the class of measures de- 
scribed in Theorem 13.11 a priori is much simpler than the one of admissible 
probability measures. In particular, there is no open interval (a, 6) H Q con- 
tained in A^^S(^) for such /i. 

Now we consider the situation where the characteristic function /i of a 
non admissible probability measure G M.i{G) has zero points, i.e. there 
exists at least one 70 G G s.t. /i(7o) = O.For 70 G G we denote by 7^(70) the 
collection of all smooth paths a : ((— 1,1),0) — *• (G, 70). 

We recall (cf jS] p. 12) that for any characteristic function ji the following 
inequality holds: 

IM7i)-M72)|'<2(l-3?/i(7i-72"')) V7i,72GG. (5) 
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Let us now assume that fi is C^-differentiable at 1 G G. Note that the real 
part of /t, 3?/i, takes the value 1 at 1 G G and thus takes a maximum at 
1 G G. For any path a G V{'~fo) we then get by Taylor's formula 



3?/i(a(s) • 7o ^) 



1 d^^fl{a{s) ■ 



3=0 



If we insert this expansion into (0) and divide by we get in the limit 
s ^ +0 



lim sup 



\fi{a{s))\ 



lim sup 



< 



< oo. 



(6) 



s=0 



Let U{fi) = {7 G G : /i(7) = 0} ^ 0. We define to(yu) by 

io(/i) = sup sup sup{t > : limsup s~^|/i(a;(s))|* = 00}. 

Clearly, to(/^) is well-defined, since {t > : limsup^^_|_o s^^|/i(a;(s))|* = 00} 
contains and is thus non-empty and is bounded by 1 (cf. (jH))). 
We then get 

Theorem 3.2. Let fi be a probability measure on G s.t. M{fi) 7^ 0. Further- 
more, we assume that fi is -differentiate atlEG. 

Then A^^^ (fx) is bounded from below bytodx), i.e. A^^^{ix) C Qn [todi), 00). 

Proof. Suppose there exists a t G A^^^{ix) with < t < tQ(ji). By the 
definition of to(/^) there exists a 70 G A/'(/i) and a path a G P(7o) such that 



lim sup 



00. 



But t G A^^^dfj implies that there exist m, G N mutually prime with 
t = — and a characteristic function f/m, s.t. Equation (j21) holds. This im- 



mediately implies that 



holds. Furthermore, the fact that ft is 



G^-differentiable at 1 G G implies that fim is also G^-differentiable at 1 G G, 
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since the solution jfjL of the equation Q is uniquely determined in a neigh- 
bourhood [/ of 1 G G and depends smoothly on the values of fi on U. Then 
by inequality (jHI) one gets that 

hmsup = hmsup — < cxo, 

which is in contradiction with the assumption that t E A^^S(yu), < t < 
toiij,). m 

Theorem l3.2l provides an effective tool to calculate lower bounds of A^^^(fx) 
for fieMi{G) with 7V(/i) ^ 0: Let e.g. G = M and /i = + Then 
fl{y) = cosy has a zero point at y = |. Clearly, fi is C°°-differentiable in 0. 
Let a{s) = I + s for s G (—1, 1). Since 

|cos(^ + s)|* Isinsl* 
lim sup = lim sup 

s^+O S s->+0 S 

= lim sup I sins|*^^ = oo for < t < 1, 

we get that to(yu) > 1 and thus A^^S(^) C Qn [1, oo). Since 1 G A^^S(^) this 
estimate is sharp. 

4 The case of LC A-groups with non connected 
dual groups 

In this section we give a short discussion, why one can not expect results 
similar to those of Section 2 and Theorem 13.11 for the case of a LCA-group 
with non-arcwise connected dual group. We do not intend treat partly divis- 
ibility for this case exhaustively, but we want to point out that in this case 
the divisibility of a probability measure /x with a p, = in general is not 
associated to a closed semigroup A(^). 

As the simplest example for a LCA-group with non connected dual group 
we study the case G = Z2. Any probability measure on G is of the form 
/i = a6o + (1 — <y)6i, a G [0, 1]. Identifying G with Z2 we get for the Fourier 
transform of fi that /i(0) = 1, /i(l) = 2a — 1. If a G (1/2, 1], then ip = log/i 
is well defined and e*'^ for t > is the Fourier transform of the probability 
measure fit = atSo + (1 — at = ((2a — 1)* + l)/2. Thus, /i is infinitely 
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divisible. This consideration extends to the case a = 1/2 if we adopt the 
convention logO = — oo, e~°° = 0. 

For a G (0, 1/2) however, we have the following well known result: 

Theorem 4.1. Let a G (0, 1/2) and = a6o + (1 — a)6i be given. Then the 
following equation 



has a solution /ii if and only if n is odd. 

n 

Proof. The if part follows from n = 6i * u with u = [1 — a)6o + aSi since 
1/ is infinitely divisible and 6i convoluted n times with itself gives 6i if n is 
odd. 

For the only if part suppose fii solves the above equation, /ii = pSo + 

n n 

(1 - /3)(5i, (5 G [0, 1]. But then (1))" = (2/5 - 1)" = 2a - 1 < leads to a 
contradiction if n is even. ■ 

Theorem 14.11 is interesting in this context, since it makes clear that for 
a G (0, 1/2) the set A ^^S(^) can not be imbedded into a closed semigroup 

S C (0, oo) such that A^lg(/i) = 5 n Q. This follows e.g. from Remark O 
(iii). 

Similar effects occur in the case when Z2 is replaced by Z„ (or any other 
discrete group G with nilpotent elements): If we consider e.g. the measure 
81 on Z„ it is immediately clear that A.^^{5i) = {m/l : m, / G N m.p. m = 
I mod n} 7^ (0, 00) and contains sequences converging to zero, and thus by 
Remark [2.21 fiii). again cannot be imbedded into a closed semigroup. 

The reason that the situation described here is different from that in the 
previous sections is that the second characteristic ip associated to a prob- 
ability measure fi is no longer unique in the case that G is not connected. 
More explicitly, for any second characteristic ip, we have that ipk = "ip + 27rik 
with A; : G — s> Z is constant on the connected components of G and fulfilling 
^(l) = is another continuous function with fi = e^'' and 'ipkiX) = 0. 

Thus, A^^S(^) is the rational part of an (infinite) union of closed semi- 
groups 

Afc(/i) = {t > : e^^^is a characteristic function}. 

But such a union in general is neither closed nor a semigroup. This shows 
that for non connected G the set A^^S(^) loses a lot of its structure. For this 
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reason it is much less attractive to study this case than the case where G is 
connected. 

Remark 4.2. (i) The non-uniqueness of logarithms for infinitely divisible 
measures on (not necessarily abelian) finite groups has been studied system- 
atically by J. Boge jH]. Even though the considerations of [3] do not have a 
straight forward extension to the case of partly divisible measures (since it 
uses a compactness argument for the construction of logarithms which can 
not be applied if the roots are in the non-compact set of complex measures), 
the non-uniqueness of the representation 5q = exp ip where exp is defined on 
the group algebra and exp{tilj) is a measure for t > 0, in general creates a 
non-uniqueness of roots also in the partial divisible case: If fii is an n-th 

n 

root of /i, then this is also true for fi'i = fi- * exp{ip/n) for some and 

n 

we expect that in general fii ^ /iV 

(ii) The nilpotency of elements also leads to the non- uniqueness of roots on 
LCA-groups containing a torus. E.g. on T there are exactly n n-th roots of 
6o. The situation is a little bit different from the case of finite groups, since 
these roots are infinitely divisible and thus do not give examples for measures 
fx with A^^S{n) not embeddable in a closed semigroup S C (0, oo). But still 
there is no generalisation of Theorem 12.51 also for this case. 
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